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process that combines expert-panel optimization, Picture Fuzzy Sets (PiFS)
methodology and advanced techniques of MCDM. It includes five consecutive
stages: (i) expert-panel optimization with the use of Hartigan—Wong algorithm for
objective selection of 11 experts from 45 candidate-experts; (ii) aggregation of
experts' opinions with the use of Picture Fuzzy Bonferroni Mean (PiFBM) operator
to consider interaction effects between experts' assessments; (iii) criteria weights
calculation with the use of Picture Fuzzy Simple Weight Calculation (PiF-SIWEC)
technique; (iv) alternatives' ranking with the use of Picture Fuzzy Ranking of
Alternatives with Weights of Criterion (PiF-RAWEC); (v) sensitivity and
comparative analyses. The validity of the proposed decision-making framework is
illustrated on the example of ranking five candidate reactor technologies small
modular reactor, high temperature gas-cooled reactor, sodium-cooled fast
reactor, molten salt reactor, advanced PWR based on eight criteria that include
technical, economic, safety, environment and strategic aspects. The results were
also compared to using six different Picture Fuzzy MCDM methods. The average
value of Spearman rank correlation coefficient equals to 0.94, what indicates the
stability of the results. According to PiF-SIWEC analysis, the most influential
criterion is the Technical (38.70%), followed by Strategic (29.59%), Safety
(17.60%), Environment (8.24%) and Economic (5.85%) aspects. The most
important criterion is passive safety (C4) with the importance of 17.60%. The
results of sensitivity analysis prove that the rankings are not sensitive to variation
of criteria weight values up to 20%. Comparative analysis confirms the
consistency of PiF-RAWEC with other methods of Picture Fuzzy sets. Three main
contributions of the research are (i) introducing the systematic and data-driven
approach for expert-panel selection with the help of clustering algorithms; (ii)
presenting the novel application of PiF-SIWEC and PiF-RAWEC methods; (iii)
providing the recommendations for nuclear technology planning in terms of the
increasing role of long-term strategic advantages in the selection of nuclear
reactors. The research offers the tool for decision-makers to make justified
decisions in the difficult nuclear technology landscape during energy transition.
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1. Introduction

Energy sector is experiencing an epochal shift which is based on achieving the goal of zero
emissions by 2050. Climate pledges made as part of the Paris agreement and decisions of the COP
thereafter have pushed the search for energy sources which would be low carbon, reliable and
scalable further. Nuclear power finds its significance in such a context. Following the stagnation
period after the Fukushima accident, a "nuclear renaissance" is being observed, particularly with the
development of new generation nuclear technologies [1], [2].

Generation IV reactor concepts and SMRs are at the heart of this renewed interest. These systems
promise improved safety features, higher thermal efficiency, reduced radioactive waste production,
greater fuel flexibility, and improved economic competitiveness compared to conventional light
water reactors. The United States, China, Russia, France, the United Kingdom, and various emerging
economies have launched ambitious programs to commercialize molten salt reactors, high-
temperature gas-cooled reactors, sodium-cooled fast reactors, and different SMR configurations [1],
[3].

However, choosing the most suitable next-generation nuclear reactor technology is not simple at
all. Decision makers need to simultaneously evaluate a wide range of technical, economic,
environmental, safety and sustainability criteria under conditions of significant uncertainty and
incomplete information.

1.1 Research Problem

Evaluating next-generation nuclear reactor technologies presents a complex MCDM problem. The
key dimensions to consider are:

v" Technical performance (thermal efficiency, fuel combustion rate, power density, load tracking
capability),

v' Economic feasibility (cost of capital, levelized value of electricity generation cost, construction
time, modularity),

v' Safety and risk (inherent safety characteristics, core failure frequency, passive safety
systems),

v" Environmental impact (waste generation, resource use, life cycle carbon footprint),

v’ Sustainability and acceptability (in terms of diffusion resistance, public perception, regulatory
readiness, and fuel cycle implications) are among those criteria that are often contradictory,
are considered on different scales, and are assessed under the conditions of epistemic
uncertainty.

The conventional techniques of crisp MCDM do not sufficiently account for hesitation, objectivity,
and rejection often demonstrated by experts when appraising the emerging nuclear technologies [4],
[5]. In addition, the problem of proper expert selection is not adequately addressed leading to serious
concerns about subjectivity and replicability of the study results [6]-[8].

The fuzzy sets and their extensions have been widely used for dealing with uncertainties in energy
technology selection. PiFSs introduced by Cuong [9] are superior to traditional fuzzy and intuitionistic
fuzzy sets in terms of accounting for membership, neutrality, non-membership, and rejection
degrees. The application of this approach is especially relevant in the case of group decision-making
where the experts can express their support, rejection, neutrality, or reluctance to give an opinion
[9]-[11].

1.2 Research Gaps

Even though the field of picture fuzzy MCDM is growing in literature, there are still some
shortcomings that have not been addressed yet.
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v" The lack of research related to the application of the Hartigan-Wong k-means method for
selecting an expert group is an example of such a shortcoming [6]-[8], [12].

v" A combination of the Picture Fuzzy SIWEC (PiF-SIWEC) weighting method and the Picture
Fuzzy RAWEC (PiF-RAWEC) ranking method, restructured with the PiFBM summation
operator, has not yet been proposed.

v' An integrated decision support framework that addresses expert selection, preference
summation, criterion weighting, and alternative ranking together under picture fuzzy
information is still lacking.

The application of this comprehensive framework to the selection of next-generation nuclear
reactor technologies has not been reported in the literature. These gaps reduce the transparency,
repeatability, and robustness of existing decision support systems used in nuclear energy technology
assessment.

1.3 Contributions of Research

This study addresses the identified gaps with the following contributions:

v It offers an objective expert selection procedure based on the Hartigan—Wong algorithm to
reduce subjectivity in the creation of the expert panel.

v’ Picture Fuzzy develops an integrated picture fuzzy decision support framework that combines
PiFBM, reconstructed PiF-SIWEC weighting and PiF-RAWEC ranking methods.

v Apply sensitivity and comparison analyses to test the robustness of the results.

This integrated framework provides practical insights into energy policymakers and nuclear
technology investors by offering the first application of this framework to the selection of next-
generation nuclear reactor technologies.

The rest of the article is organized as follows: Section 2 presents a detailed literature review.
Section 3 recalls the necessary background information regarding picture fuzzy sets. Section 4
describes the proposed five-phase methodology. Section 5 applies the framework to the next-
generation nuclear reactor technology selection case study. Section 6 discusses the managerial
implications. Section 7 concludes the study.

2. Literature Review

The literature review is structured under two main headings. In the first part, MCDM-based
studies on the selection problem of new generation nuclear reactor technologies; The criteria used
are examined in terms of methodological approaches and decision support systems [13]. In the
second part, the theoretical development of the PiFS approach and MCDM applications for modeling
the uncertainty in problem evaluations are discussed. This structure aims to determine the position
of the current study in literature by revealing the relationship between the selection literature of
new generation nuclear reactor technologies and the PiFS-based MCDM literature.

2.1. Selection Studies of Next-Generation Nuclear Reactor Technologies Using MCDM

The selection of next-generation nuclear reactor technologies is a critical decision-making process
requiring the balancing of numerous and often conflicting criteria such as safety, environmental
sustainability, socio-economic impacts, and technical feasibility [14]. The literature shows that
MCDM methods and GIS are widely used in this complex process. In this review, the main criteria and
sub-criteria used in the selection of next-generation nuclear reactor technologies are given in Table
1.

Table 1
Criteria used in selecting next-generation
nuclear reactor technologies
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Criteria Category Criteria / Sub-Criteria Related Sources
Active fault lines / Capacitive fault [15], [16], [17], [18], [19]
[15], [16], [17], [20], [21],

Seismicity / Seismic hazard

. L [22]
Geological & Seismic Tsunami risk [21]
Soil / Topography / Geotechnical [15], [17], [22], [23]
Rock structure [22]
Proximity to cooling water sources [15], [17], [22]
Flood level / Flood risk [21]
Hazardous areas / Proximity to hazar.d.o-us [15], [17], [22]

. facilities
Environmental Protected areas / Forests / Natural parks [16], [21]
Biodiversity / Environmental impact [21], [22]
Proximity to wetlands [22], [24]
Land use / Land cover [17], [22]
Meteorological & Meteorological conditions [22], [25]
Hydrological Hydrology / Groundwater [17], [22]
Population density [15], [16], [17], [21], [22],
[25]
Public acceptance / Social acceptance [22], [26]
Tourism impact [22]
Population & Social Historical sites / Cultural heritage [21], [22]
Security / Safety [22], [26]
Land ownership [22]
Legal issues / Legislation [22], [26]
Evacuation routes [22]
Proximity to the electricity grid / [15], [16], [17], [22], [26],
transmission line [27]
Infrastructure & Economic Access to road / transportation network [15], [16], [17], [22], [26]
Operating costs / Economic impact [22], [26], [28]
Hazard-rated areas [15], [17], [22]
Waste management / Waste storage [29], [30], [31]
Technological readiness / Maturity [28], [29]

Other .

Political factors [28]

Table 1 categorically summarizes the criteria commonly used in the literature for selecting next-
generation nuclear reactor technologies. These criteria, encompassing a wide range of factors from
geological and seismic influences on environmental, meteorological, social, infrastructural, and
economic factors, highlight the multidimensional and interdisciplinary nature of the decision-making
process.

2.2. Picture Fuzzy Sets and Extensions

PiFS was proposed by Cuong [9] as an extension of fuzzy set and heuristic fuzzy set theories. While
traditional fuzzy sets only consider the degree of membership (i), PiFS presents three independent
components: positive degree of membership (1), neutral degree of membership (n), and negative
degree of membership (v), the sum of which must be less than or equal to 1 (u+n+v<1). This structure
allows decision-makers to simultaneously express "for," "abstain," and "against" opinions, while also
measuring the degree of rejection (m=1-y-n-v) and the extent of uncertainty [9].

Various extensions of PiFS have been developed in literature. g-rung picture fuzzy sets (q-RPiFS)
have been proposed as a parametric generalization of PiFS and offer a wider decision space with the
condition pg+ng+vg<1 [10]. Interval-valued picture fuzzy sets (IVPiFS) allow membership degrees to
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be expressed with interval values, enabling more flexible modeling of uncertainty [11]. Complex
picture fuzzy sets (CoPiFS) offer the capacity to model periodic and cyclical behaviors by defining
membership degrees in the complex plane [32], [33]. Cubic picture fuzzy sets (CuPiFS) have been
used to represent multilayer uncertainty by combining interval-valued PiFS and PiFS [34], [35]. Global
picture fuzzy sets (GPiFS) have modeled positive, negative, and neutral membership functions within
a global framework [36], [37].

2.2.1. PiFS-Based Measure and Information Theories

Information measures in the PiFSs given in Table 2 are critical for managing uncertainty in
decision-making processes.

Table 2

PiFS-based measurement and
information theories

Measures of . L L . Related
. . Main objectives Function in the context of PiFS .
information studies
It enables the quantitative determination of
Measures of To measure the level of . . . Lo
. uncertainty and information content in PiFS [38], [39]
entropy uncertainty . .
information
. It enables the identification of differences
Measures of To measure the difference . - . [40], [41],
. . between alternatives, criteria, or decision-
distance between PiFSs , . [42]
makers' evaluations
Measures of To determine the degree of It is used in pattern recognition, classification, [43], [44]
similarity similarity between PiFSs and comparison of alternatives ’
To more precisely evaluate . . T
Measures of new . P . Y It aims to increase the discriminability and [4], [5],
. R the information content of . . .
information e . sensitivity of decision-making models [45]
PiFS information
To measure the information . . .
Measures of . . It enables more precise revelation of differences
difference/divergence [4], [46]

divergence

between PiFSs

between decision alternatives

Table 2 summarizes the information measures developed within the scope of PiFS theory and
their functions in MCDM processes. Various summation operators proposed for combining PiFS
information are given in Table 3.

Table 3
PiFS-based aggregation operators
Collection Related
Main objective Function in the context of PiFS .
operators studies
Bonferroni Modeling the interactions Includes interactions in the decision model when  [47], [48],
Average between criteria criteria are not independent of each other. [49]
Considering the Integrates the combined effect of multiple criteria
Hamy Average relationships between and inter-criteria relationships in the PiFS [50]
criteria environment.
Muirhead Modeling multi-criteria Enables the aggregation of complex interactions 51]
Average interactions between multiple criteria under PiFS information.
. . Performing flexible and Enables flexible aggregation of PiFS information in
Aczél-Alsina . . -, . .
parametric data different decision environments thanks to its [52], [53]
operators .
aggregation parameter-controlled structure.
Aggregating complex PFS Especially enables the integration of high-
Frank operators ggregating complex 1 ) P y regra 8 [54], [55]
information dimensional and complex decision information.
Schweizer—Sklar Parametricdata  Enables flexible aggregation of criterion information 561, [57]
operators aggregation in PiFS and hypersoft cluster environments. !
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Interactive Considering the  Aims to produce more realistic, aggregated decision
collection interactions between  results by considering the interdependence between
operators membership levels criteria.

Table 3 summarizes the aggregation operators developed within the PiFS theory and their
functions in MCDM processes. In this study, Bonferroni summation operator was preferred to
integrate expert opinions in the selection of new generation nuclear reactor technologies. Three
main advantages were effective in choosing the Bonferroni operator: (i) its ability to take into account
binary interactions between criteria or expert evaluations, (ii) its ability to be adapted to different
degrees of interaction thanks to the p and q parameters, and (iii) its ability to prevent information
loss by preserving the Picture Fuzzy information structure (u,n,v). These features increase the
operator's effectiveness, especially in strategic decision problems such as nuclear reactor selection,
where technological uncertainty is high and there may be significant differences between expert
opinions.

2.2.2. PiFS-Based MCDM Methods

(10], (48],
(58]

PiFSs have been used in various application areas by integrating them with MCDM methods.

2.2.2.1. Criterion Weighting Methods

The SWARA method was used to determine the importance levels of criteria by integrating it with
PiFS [2], [59], [60], [61], [62]. The CRITIC method was adapted to calculate objective weights based
on inter-criterion correlation and standard deviation in the PiFS environment [63], [64], [65]. The
entropy method was widely used to determine objective criterion weights in PiFS [4], [5], [66], [67].
The IDOCRIW method was combined with PiFS for objective weighting [33]. The MEREC method was
used for weighting based on the effects of criterion removal [2]. The LOPCOW method was adapted
for objective weighting in PiFS [68], [69].

2.2.2.2. Ranking and Evaluation Methods

The MARCOS method was used in combination with PiFS to perform ranking based on ideal and
anti-ideal solutions [33], [66], [70]-[73]. The TOPSIS method is one of the most widely used ranking
methods in the PiFS environment [11], [61], [64], [74]-[78]. The VIKOR method has been integrated
with PiFS to find a compromise solution [4], [5], [41], [79]-[82]. The WASPAS method has been
combined with PiFS to integrate weighted sum and product models [83]-[87]. The CODAS method
has been adapted to perform ranking based on Euclidean and Taxicab distances in the PiFS
environment [88]-[92]. The COPRAS method has been used to perform ratio evaluation by integrating
it with PiFS [93], [94]. The MULTIMOORA method combines the ratio system, reference point, and
full multiplicative form in PiFS [3], [10], [51], [56]. The CoCoSo method was integrated with PiFS to
evaluate linear and nonlinear criterion relationships [95]-[98].

2.2.3. Hybrid and Advanced Methods Based on PiFS

Hybrid approaches combining PiFS with other theories have also been developed in literature.
The processing of uncertain information has been improved with the integration of PiFS and
Dempster-Shafer theory [50], [99]. The integration of PiFS and machine learning has been applied in
areas such as credit risk assessment [100] and blockchain platform selection [94]. Criterion reduction
and classification have been performed with PiFS and clustering algorithms [94]. Three-way
classification has been performed in decision-making processes by developing PiFS and three-way
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decision-making models [101], [102]. Strategic decision-making processes have been modeled with
the integration of PiFS and game theory [2].

2.2.4. Application Areas

Table 4 reveals the diversity of applications of PiFS-based MCDM approaches in different

disciplines.

Table 4

Distribution of PiFS-based MCDM
applications in different research areas

PiFS-
Application area Study Problem / Application method/la:p'::;i:
33] Business performance PiFS-IDOCRIW-RANCOM-
optimization MARCOS
Evaluation of the financial
[70] and accounting performance PiFS—MARCOS
of manufacturing firms
Evaluation of firm
Business Management and [103] pe.rfor.rr?ance with a PiFS—AHP
. sustainability-balanced
Performance Appraisal
scorecard
Evaluation of the digital
[69]  transformation capabilities of PiFS—OCRA
businesses
Evaluation of advanced
[104] financial management PiFS—Heronian Mean
policies
Selection of blockchain
[94] platform for healthcare PiFS—WENSLO—-COPRAS
systems
Applicability of blockchain i
[95] pp |cab.| ity of blockc aln. in PIFS—CoCoSo
. L. sustainable supply chains
Supply Chain and Logistics Post-consumer textile waste
[105] PiFS—ORESTE
management
[106] Supplier selection PiFS—Entropy—VIKOR
[107] Selectlor.\ qfthlrd-Party PiFS summation operators
logistics providers
[49] Selection of energy storage g-RPiFS—Bonferroni Mean
systems
Ranki f
3] anking of wastewater PiFS—MULTIMOORA
treatment technologies
Evaluati f h
[108] va.u%mon © gr<.een ouse gas Cqg-RPiFS—Sugeno—Weber
emission reduction strategies
Selection of renewable
Energy and Environmental [109] energy integrated data center PiFS-SWARA-VIKOR
Management location
[1] Selection of location for small PIES—SWARA—WASPAS
modular reactors
21 photovolaicydrogen yrid PIFS—SWARA-MEREC
P yarogen ny Regret—PROMETHEE
energy systems
[110] Sustainable energy NPiFSS—Einstein summation

optimization

operators
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Road accident risk

Type-2 PiFS—Distance

[74] assessment in India Measures
7o) FEvaluationoflastmile o, bis toDIM-VIKOR
delivery in metropolitan areas
Selection of last-mile delivery .
PiFS—-WASPA
Transportation and (86] mode in Belgrade IFS SPAS
Infrastructure Evaluation of sustainable
[111] transportation strategies for PiFS—SWARA—-EDAS
campuses
Digital technologies in
[64] intermodal freight PiFS—CRITIC-TOPSIS
transportation Prioritization
Selection of accounting and
[66]  auditing firms for SMEs in the PiFS—Entropy—MARCOS
textile sector
Evaluation of hybrid non-
[83] traditional processing PiFS—WASPAS—CODAS—ARAS
. processes
Production and Industry (75] Selection of autonomous Triangular Fuzzy TOPSIS—
mobile robots PiFS—CoCoSo
lecti f COBOTs in digital
[60] Selection of COBOTs in dlgl.ta PIFS—SWARA—CODAS
supply chains
61] Construction and demolition PiFS—FMEA—-Fine-Kinney—
waste management SWARA-TOPSIS
Emotion-aware emergency
[112] triage in smart healthcare g-RPiFDHG
systems
Selection of loT-based
96 PiFS—Modified CoCoS
Health and Medicine (6] healthcare systems ! odined Lot050
Evaluation of healthcare PiFS—Gained and Lost
[113] . . .
waste disposal techniques Dominance Score
81] Drug selection in .medlc:.al PIES—VIKOR
diagnosis
67] Evaluation of urban planning PIFS—Entropy—ERUNS
proposals
Evaluation of urban zero-
PiFS-SWARA-WISP
Public Policy and Urban [59] emission vehicle technologies IFS=5 S
Plannin Devel f a three-
ing [101] evelopment of a three-way PiFS—REMOV—ER
decision-making model
lecti f f
[114] Selection of fog management Proportional Gray PiFS
plans
[115] Digital music |nt§grahon n PIES—FUCA
education reform
Evaluation of teaching quality .
116 S . PiFS—-MACONT
Education and Technology [116] in higher education !
Choi . -
U education aualiy I igher PIFS-Muirhead-
quality in nigt MULTIMOORA
education
[117] ERP system selection g-RPiFS—VIKOR-TOPSIS
[100] Credit risk assessment g-RPiFS—Ensemble Learning
Financial outcome forecasting .
118 CPiFS—-MACONT
Finance and Risk Management [118] and strategic choices I
£ -
[119] valuation of consumer PIES—CRITIC—ARAS

confidence projects
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Table 4 shows that the PiFS methodology is adapted to various problem types across a wide range
of fields, from business management to energy and environmental management, supply chain to
health and public policy.

2.2.5 Comparison of Fuzzy Set Extensions

The advantages of PiFS over other fuzzy set extensions have been examined in the literature.
While intuition fuzzy sets (IFS) only include membership and non-membership degrees, PiFS also
includes neutral membership and offers richer information [9]. Pythagorean fuzzy sets (PyFS) offer a
wider space than IFS with the condition p?+v?<1 [95]. g-rung orthopair fuzzy sets (g-ROFS) provide an
even wider space with pg+vg<1 [51]. Global fuzzy sets (GFS) present a different constraint than PFS
with the condition pu?+n2+v2<1 [36]. Comparative studies Onar et al. [120] have shown that PFSs are
superior to other extensions, especially in problems where abstention and rejection degrees are
important.

3. Preliminaries

This section presents the fundamental concepts, definitions, and mathematical operations upon
which the proposed methodology is based.

Definition 1. Let X be a non-empty universe. A fuzzy picture set (PiFS) on X is defined by Equation
(1) [9].

A = {(x, pa, (), na(x)va(x)) | x € X} (1)

where,

uas(x) € [0,1]: positive membership degree, n,(x) € [0,1]: neutral membership degree,
v,(x) € [0,1]: negative membership degree. For every x € X, the condition in Equation (2) is
satisfied.

pa() +na(x) +v4(x) <1 (2)
The degree of refusal is calculated using Equation (3).
ma(x) =1 — pa(x) = na(x) —va(x) 3)

Definition 2. Basic operations for two picture fuzzy numbers A = (uy,m4,v4) and B =
(ug,mp,vg) are as Equations (4)-(7) [9], [10]:

A = (Va,Ma, 1a) (4)
AA = (1 - (1 - MA))Lf r’A)Li VAl)l 1>0 (5)
A@®B = (ua + g — Hallp, NaNB,VaVp) (6)
AQB = (uapip,Na + Mg — NaNlp,Va + Vg — VaVp) ()

Definition 3. For a picture fuzzy number A = (uy4, 14, v4), the score function is defined by Equation
(8) [121].

S(A) = pa—1na— vy and S(4) € [-1,1] ()

The higher the score value, the larger the picture fuzzy number.

Decision-makers were presented with a linguistic scale to evaluate the performance of
alternatives based on criteria. This scale allows both the criterion weights and the alternative
performances to be expressed using Picture Fuzzy numbers. The linguistic scale used and its Picture
Fuzzy equivalents are given in Table 5 [92].

Table 5
Linguistic scale for picture fuzzy
numbers
Linguistic Expression for Criteria  Linguistic Expression for Alternatives  Picture Fuzzy Number (i, 17, v)
Very Very Unimportant (VVUn) Very Very Low (VVLo) (0,0,1)
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Very Unimportant (VUn) Very Low (VLo) (0, 0.05,0.9)
Unimportant (Un) Low (Lo) (0.2, 0.45, 0.25)

Medium (Me) Medium (Me) (0.45,0.4,0.1)

Important (Im) High (Hi) (0.8,0.1,0.05)

Very Important (VIm) Very High (VHi) (0.9, 0.05, 0)

Very Very Important (VVIm) Very Very High (VVHi) (1,0,0)

The scale in Table 5 allows decision-makers to express their evaluations systematically.
4. Proposed Methodology

In this study, a five-stage integrated PiFS decision support framework is proposed for the
selection of next-generation nuclear reactor technology. The framework consists of: (i) objective
expert selection with the Hartigan—Wong algorithm, (ii) creation of the group decision matrix with
PiFBM, (iii) determination of criterion weights with PiF-SIWEC, (iv) ranking of alternatives with PiF-
RAWEC, and (v) sensitivity and comparison analysis. An illustration of the above-stated stages is given
in Figure 1.

s 2 P ™

Phase 1 Phase 2 Phase 3
Expert Panel Optimization Picture Fuzzy Evaluation Criteria Weighting
via Hartigan-Wong & Bonferroni Aggregation
Algorithm i L
: . 4. Collect expert 6. Determine criteria
1. Identify potential experts evaluations (Picture weights (PiF-SIWEC
2 Clustgr experts Fuzzy environment) method)
(Hartigan-Wong) 5. Aggregate opinions
3. Select eligible decision (Picture Fuzzy Bonferroni)
makers
Phase 5 Phase 4
Sensitivity & Comparative Alternative Ranking
Analysis

i : 7. Rank alternatives
¥ Serstviuaringle & (PIF-RAWEC method)
comparativevalidation 8. Determine final ranking

Fig. 1. Flow chart of the proposed decision support framework integration process

The research carried out in Figure 1 aims not only at determining the best-suited technology, but
also at providing a sound methodological framework for the structuring of the decision support
process under uncertainty.

4.1. Phase 1: Expert Panel Optimization with Hartigan—Wong Algorithm

The Hartigan-Wong algorithm Hartigan and Wong [12] is a widely used derivative of the k-means
clustering method. This algorithm is based on the principle of iteratively reassigning observations
based on their Euclidean distances to cluster centers and aims to minimize the sum of squares within
clusters [6]-[8]. Nigro and Cicirelli [6] examined the adaptation of the algorithm to cluster clusters;
Manthey and van Rhijn [8] discussed the theoretical performance guarantees of the algorithm in
worst-case and smoothed analysis frameworks. Furthermore, Nigro and Cicirelli [7] proposed a
combinator Hartigan-Wong variant that improves clustering performance through systematic reboot
strategies. In this study, the algorithm is used to divide an expert pool into homogeneous clusters
and then determine the most qualified expert team based on their total feature profiles. The
implementation steps of the algorithm in the expert team selection process are presented below by
Nigro and Cicirelli [7].
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Step 1. Creating and Standardizing the Dataset

The initial dataset containing the features of all experts to be evaluated is defined as Equation
(9).

X = [xij]exn (9)
where, e represents the total number of experts evaluated; n represents the number of attributes
considered (e.g., age, years of experience, number of publications); and x;; represents the value of
the j attribute of the ith expert. Since the measurement units of the attributes are different, the raw

data are standardized with Equation (10) using the z-score transformation.
Zjj = ——— (10)
Sj

In Equation (10), x; represents the arithmetic meaning of the j-th feature column; s; represents
the standard deviation of the same column. This transformation makes each feature dimensionless,
providing comparable scale for distance-based clustering algorithms [6].

Step 2. Determining the Optimum Number of Clusters

The number of clusters is determined by Equation (11).

e

Next, k experts are randomly selected from the standardized dataset, and their feature vectors
are assigned as initial cluster centers c¢; (t = 1,2,...,k). While this initialization strategy is
computationally efficient, it can affect the final convergence point, as discussed in Manthey and van
Rhijn's [8] smoothed analysis.

Step 3. Iterative Assignment and Updating Cluster Centers

For each standardized expert vector z;, the Euclidean distance to each cluster centre c¢; is
calculated using Equation (12).

n
d(z;,c;) = Z(Zij - ctj)z fori=12,..,e; t=1.2,...,k (12)
=1

Based on the proximity criterion, each expert is assigned to the cluster that minimizes the
distance d(z;, c;). According to the Hartigan-Wong repositioning strategy, each reassignment is only
performed if it reduces the total sum of squares within the cluster, thus ensuring monotonic
convergence [7]. After all assignments are complete, the cluster centers are recalculated as the
average vectors of the respective clusters. This process is repeated iteratively, recalculating the
distances to the updated cluster centers and reviewing the memberships. The algorithm terminates
when (i) the predefined maximum number of iterations is reached or (ii) no changes occur in the
cluster assignments (i.e., when they converge to a local optimum solution) [8].

After convergence, the average feature vector is calculated for each of the k clusters. In other
words, the average values of all features of the experts within each cluster are obtained. Then, the
clusters are ranked comparatively according to these average values. The cluster with the highest
average scores across all the considered characteristics is identified as the most successful expert
team and constitutes the outcome of the team selection process [7].

4.2. Phase 2: Picture Fuzzy Bonferroni Aggregation
The Picture Fuzzy evaluations of the selected experts dlgf) = (ul-(f),nl-(f),vi(].e))(e =1,.., E) PiFBM

operator is combined with Equation (13) [47], [48]:
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PFBMPA(d,, ..., dg)

Fa Fa Fha
= (E(E_l)z:l] 1ﬂlﬂ]> (E(E 1)21] 17717]]> <E(E—1)le 11/ V; ) (13)

i#j
where, p and q > 0 are the interaction parameters. The result is the group decision matrix R =
[7].
4.3. Phase 3: Picture Fuzzy SIWEC (PiF-SIWEC) Method

The SIWEC method is a current weighting approach based on the direct evaluation of criterion
weights by decision makers [122]. Integrating the method with fuzzy sets enabled the transfer of
vague and linguistic expert evaluations to decision models. When current studies in the literature are
examined, it is seen that Fuzzy SIWEC and different fuzzy SIWEC extensions are used in various
decision problems. Yalcin et al. [123] evaluated central bank communication strategies by integrating
Koch Snowflake fuzzy sets, SIWEC and RATGOS methods with a machine learning-based expert
weighting approach. Ecer et al. [124] used the Pythagorean fuzzy SIWEC-COPRAS model to prioritize
performance improvement strategies of metal-organic cages in liquid hydrogen energy systems.
Bosna et al. [125] evaluated the management strategies of overtourism in Zadar County, Croatia,
with the Intuitionistic fuzzy SIWEC-TOPSIS approach. Katranci and Kundakci [126] applied the
FSIWEC-FRADAR model in the evaluation of cryptocurrency exchanges and determined Binance as
the most successful alternative. Boz [127] used the p,g-quasirung orthopair fuzzy SIWEC-AROMAN
approach in the selection of agricultural spraying drones; has determined load capacity, ease of use
and flight duration as the most important criteria. Cizmecioglu et al. [128] applied the p,q-quasirung
orthopair fuzzy SIWEC-MABAC model in the selection of competitive intelligence platforms and
showed that data security and reliability are the most important criteria. Zhao [129] used the SIWEC-
MOOSRA approach under Fermatean neutrosophic fuzzy sets to evaluate ideological and political
education in the new media era in higher education. Gao and Qian [130] applied the SIWEC-MACONT
model to the evaluation of cost risks of municipal water supply and drainage projects under
trapezoidal fuzzy neutrosophic sets.

However, the Picture Fuzzy SIWEC (PiF-SIWEC) approach, which takes advantage of PiFS's
capacity to simultaneously express positive, neutral, negative and rejection degrees, has not yet been
discussed in literature. In this regard, the current study aims to address this methodological gap in
the literature by adapting the SIWEC method to the Picture Fuzzy Set environment.

The steps of the PiF-SIWEC method are given below:

The picture fuzzy decision matrix (X = [fej]exj) from Phase 2 is used as input, where e represents

the experts (e = 1, ..., k), and j (j = 1, ..., m) represents the criteria.
Step 1. Experts (or group matrix) evaluate each criterion with a PiF number: ¥,; = (uej,nej, vej).
Step 2. The initial PiF decision matrix is created (from Phase 2).
Step 3. Using the score function, the score matrix is obtained with Equation (14).
S(fej) = Hej —MNej — Vej (14)
Step 4. The normalized score matrix is obtained with Equation (15).
The minimum (Sy,i,) @and maximum (S;,.x) values in the entire score matrix is found. Each score
is normalized to the range [0, 1] using these values:
S(iej) — Smin

Smax - Smin

(15)

nej =
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Step 5. The standard deviation st. dev, is calculated for each expert (or row).

Step 6. Weighted values are calculated using Equation (16).

Vej = Ngj X st.dev, (16)
Step 7. The total based on the criterion is obtained using Equation (17).

j = Z Vej 17

S

e
Step 8. Final weights are calculated using Equation (18).
S.
Wi = = ,ij=1 (18)
2,5
J

4.4. Phase 4: Picture Fuzzy RAWEC (PiF-RAWEC) Method

The RAWEC method is an MCDM approach that allows the ranking of alternatives by considering
their criterion weights [131]. Integrating the method with fuzzy sets has enabled the transfer of
uncertain and linguistic expert evaluations to the alternative ranking process. Nedeljkovié et al. [132]
applied the Fuzzy MEREC-Fuzzy RAWEC model in the selection of agricultural product sales channels
and determined the online sales channel as the most suitable alternative. Zhang et al. [133] used the
Interval Type-2 Fuzzy PIPRECIA-RAWEC approach in the evaluation of renewable energy systems and
determined wind farms as the most suitable alternative. Tesi¢ et al. [134] extended the RAWEC
method with Fermatean fuzzy numbers to develop the FF-RAWEC method and showed that the
method yielded stable results under different types of criteria. Katranci et al. [135] used the Fuzzy
SIWEC-Fuzzy RAWEC integrated model in the selection of sustainable waste disposal technologies
and determined composting as the most suitable technology. Shamsi et al. [136] weighed the criteria
with Fuzzy SIWEC in the selection of green concrete mixes containing recycled materials and ranked
the alternatives with a multiple MCDM approach that also included RAWEC. Albahri et al. [137]
combined Orthopair Z-Numbers, FWZIC, and modified RAWEC methods to evaluate vegetables in
terms of dental health. These studies show that RAWEC is a flexible alternative ranking approach that
can be integrated with different fuzzy sets and weighting methods.

However, no study addressing the RAWEC method in a Picture Fuzzy Set environment has been
found. Therefore, the development of the PiF-RAWEC approach aims to provide a unique
methodological contribution that will expand the fuzzy decision-making capacity of RAWEC
literature.

The steps of the PiF-RAWEC method are given below:

Step 1. The Group Picture Fuzzy decision matrix R = [ﬁj] is created (from Phase 2).

Step 2. Double normalization (via the score function) is obtained with Equation (19).

For benefit criteria:

Sy) -, _ mins(y)
= v N T TN
maxS () S(7y)
The inverse is applied for cost criteria.
Step 3. Weighted deviations are calculated with Equation (20).

ZWJ (1-ny), vj; = ZWJ (1—nj) (20)

Step 4. The RAWEC score is caIcuIated using Equation (21).

(19)

nij =
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’
Vi —V;

Q; = (21)

v+
The alternative with the highest Q;value is the best solution. Q; € [—1,1] is in the interval.

5. Case Study

The case study applies the five main stages of the proposed methodology (expert panel
optimization, PiFBM, criterion weighting with PiF-SIWEC, alternative ranking with PiF-RAWEC, and
sensitivity/comparative analysis) step by step.

5.1. Identification of Alternatives and Evaluation Criteria

This case study considers five alternative next-generation nuclear reactor technologies with
different design features, safety approaches, fuel cycle characteristics, and technological maturity
levels. Eight main criteria were defined for evaluating these alternatives. These criteria encompass
technical, economic, safety, environmental, and strategic dimensions. The definition, measurement
direction (benefit/cost), and literature equivalent of each criterion are presented in Table 6.

Table 6
Definition and characteristics  of
evaluation criteria

M
Criteria/Code Size easu'remfent Definition Reference
Direction

The commercially proven level of reactor

Technological . . technology, the degree of maturity from the
Maturity (C1) Technical Benefit prototype/test phase to full commercial [28]

operation

Thermal Efficienc The reactor's efficiency in converting thermal
(CZ\; Technical Benefit energy into electrical energy (%). High [22], [23]

efficiency means reduced fuel consumption

The capital cost required for the construction

Investment Cost . and commissioning of the reactor (USD/kW).
(C3) Economic Cost High cost may limit the feasibility of the [29]

technology

The reactor's ability to ensure its safety
Passive Safety Security Benefit through natural physical principles without [138]

Level (C4) operator intervention. Passive safety
significantly reduces the risk of accidents
The reactor's capacity to efficiently utilize

Strategic Benefit existing uranium resources and contribute to [14]

Fuel Sustainability

(C5) .

long-term fuel supply security

The volume, activity level, and management

Radioactive Waste . .. difficulty of the radioactive waste produced by
Environmental Benefit . 22],[31
Management (C6) the reactor. Low waste production and [22], [31]

effective waste management are preferred

. The reactor's load monitoring, partial power

Operational &P P

Strategic Benefit operation, and integration capabilities with [23]; [29]

Flexibility (C7)

renewable energy sources

Construction
Complexity /
Duration (C8)

The estimated duration of reactor construction
Technical Cost and the degree of technical challenges that [138]
may be encountered during construction.

Table 6 presents the eight criteria used in evaluating next-generation nuclear reactor
technologies and their descriptive characteristics. The five alternative reactor technologies evaluated
in this study are defined in Table 7.
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Table 7
Nuclear reactor technology alternatives
Alternative/Code Power Range Coolant Fuel Type Reference
small Modular Rea;:;(;; <300 MWe Light Water Low Enriched Uranium [29]
High Temperature Gas . . .
Cooled Reactor (A2) 100-300 MWe Helium  TRISO (Uranium/Carbide) [22]
Sodium Cooled Fast - .
Reactor (A3) 300-1500 MWe Liquid Sodium MOX, Metal [138]
Molten Salt Liquid Salt
Molten Salt Reactor (A4)  100-1000 MWe (Fluoride/Chloride) (Uranium/Thorium) [23]
Advanced Pressurized 0 1550 e Light Water  Low Enriched Uranium (28]

Water Reactor (A5)
These alternatives in Table 7 will be evaluated by experts in the Picture Fuzzy environment.

5.2. Application of the Proposed Framework
5.2.1. Phase 1: Expert Panel Optimization via the Hartigan—Wong Algorithm

Step 1. Data set creation and standardization (z-score transformation)

45 potential experts (E1 to E45) with at least 10 years of experience in nuclear engineering,
reactor safety, energy economics, and environmental sciences were evaluated. Each expert was
represented by the following three qualitative characteristics:

Professional experience years (in years)

Number of publications on nuclear energy in international peer-reviewed journals (pieces)

Number of national/international nuclear projects participated in (pieces)

The created raw data matrix is defined as DS = [xif]45><3' Since the measurement units of the
features are different, the z-score transformation in Equation (10) was applied to the raw data. As a
result of this transformation, each feature is normalized to have a mean of 0 and a standard deviation
of 1. Table 8 presents the global mean and standard deviation values for three characteristics of 45
experts.

Table 8
Descriptive statistics of the expert pool
(n=45)
Attribute Average (X) Standard Deviation (s)
Years of Experience 23,56 5,12
Number of Publications 18,11 5,46
Number of Projects 11,07 3,91

Step 2. Determining the optimum number of clusters
The optimum number of clusters (k) was initially estimated using Equation (11).

kf—% 4,74
N2 27"

This value was rounded to the nearest integer and determined as k=4. To test the validity of this
determined value, the sum of squares within the cluster was calculated using Equation (22) for

different k values.
k

Total sum of squares within the set = Z Z llz; — pell? (22)

t=1 ZiECt
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It was visually verified using the elbow method given in Figure 2.
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Fig. 2. Elbow method for determining optimal number of clusters

Examining the elbow method graph presented in Figure 2, the total sum of squares within the set
values show a significant decrease from k=1 to k=4, and after k=4, this decrease slows down and
follows an asymptotic course. The point k=4, indicated by the red dashed line, has been determined
as the elbow point, and this value is both consistent with the rule in the literature and empirically
verified. Accordingly, the optimum number of clusters in this study was fixed at k=4.

Step 3. Determination of initial cluster centers and iterative assignment

k = 4 experts were randomly selected from the standardized dataset and assigned as initial
cluster centers (center;, t = 1,2,3,4). Then, the Euclidean distance between each standardized
expert vector z; and each cluster center was calculated using Equation (12).

Each expert was assigned to the closest cluster. Following the basic principle of the Hartigan-
Wong method, the assighnment was done only if the sum of squared deviations from the cluster
center decreased in the process. Such an approach guarantees the monotonous convergence of the
algorithm [7]. After 14 iterations, the algorithm converged, and the local minimum solution was
obtained. Cardinality and mean feature vectors of the four clusters at the end of the convergence are
provided in Table 9.

Table 9
Average raw data and cardinalities of

clusters

Number of Average Average Number Average Number
Cluster No . s .

Members  Experience (years) of Publications of Projects
Cluster 1 9 30,2 41,5 10,3
Cluster 2 14 24,8 5,2 15,1
Cluster 3 11 30,1 30,5 14,9
Cluster 4 11 9,9 51 3,2

Table 9 contains the unstandardized means, which have been standardized according to Equation
10. The resulting standardized cluster centers and the total competency scores calculated for each
3
cluster (S; = Z Zj) are given in Table 10.
j=1
Table 10
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Standardized (z-score) center values
and total scores of the clusters
Cluster No  Zgpyperience  Zpublication  ZProject Total Proficiency Score (S;) Z-Score Variance

Cluster 1 1,26 4,01 -0,27 5,00 3,14
Cluster 2 0,28 -2,40 1,00 -1,12 2,37
Cluster 3 1,26 2,18 1,00 4,44 0,26
Cluster 4 -2,66 -2,40 -1,89 -6,95 0,10

The expert panel was chosen from Cluster 3, which is the only cluster that simultaneously satisfies
all three criteria of objectivity: having a positive z-score (z; > 0), a high overall competency score
(S¢), and low z-score variance. For visual representation of clustering, PCA was conducted on the
standardized dataset, and the output is shown in Figure 3.

Clust 1 @ Cluster 1. Senior Academics
uster 1:
. . Cluster 2: Industry Professionals
Senior Academics ® Y
O Cluster 3: Balanced Researchers
3 . @ Cluster 4: junior Researchers
Selected Cluster (Cluster 3) Frame
. . #  Cluster Center
2 . .x .
Cluster 4:
1 Junior Researchers
-
BN
N @
N ®
= ® o ®
~ 0
8 @
5 2
o @ @ ex
Y @ @ & @
) o® @
3 Cluster 3:
Cluster 2: Balanced Researchers
Industry Professionals
-4 -3 -2 -1 0 1 2 3 4

Dim1l (61.1%)

Fig. 3. PCA projection of expert clusters obtained via the Hartigan—Wong algorithm

Figure 3 presents the two-dimensional PCA projection obtained by decomposing 45 potential
experts into 4 clusters using the Hartigan—Wong algorithm. Each expert (E1 to E45) is indicated by
the color of the cluster to which it belongs. The selected Cluster 3 (Balanced Researchers) is separated
from the other clusters by a thick, dashed golden convex hull frame. The geometric center of each
cluster is indicated by the "x" symbol. The first two principal components (Dim1 and Dim2) explain
61.1% and 32.2% of the total variance, respectively. The PCA projection confirms that the separation
between the clusters is clear and that Cluster 3 is distinctly separated from the other clusters.

5.2.2. Phase 3: Picture Fuzzy SIWEC Method

After the expert panel was optimized in Phase 1, the 11 selected experts (E3, E7, E12, E15, E20,
E23, E27, E32, E36, E41, E43) provided their evaluations for both criteria weights and alternative
performances using the linguistic scale defined in Table 5. The assessments of all 11 experts are given
in Table 11.

Table 11
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Linguistic  evaluations of criteria
importance by the 11 experts
Expert C1 C2 c ca cs5 C6 Cc7 c8

E3 VVIm Im Me VVIm Im Me VIm Un

E7 Vim Vim Un VVIm Vim Im Me VUn
E12 Im  VVIm Me Vim Me Un Im VUn
E15 VVIm Im VUn VVIm Vim Me Im Un
E20 Im Vim Me Vim Im Un VIm VUn
E23 Vim VWIm VUn VWIm Vim Me Me Un
E27 VVIm Im Un VVIm Me VUn VIm VUn
E32 Im Vim Me Vim Vim Me Im Un
E36 Vim VIm VUn VVIm Im VUn Vim Me
E41 VVIm Im Un VVIm Vim Me Im VUn
E43 Im Vim Me Vim Me Un Vim VUn

Table 11 presents the linguistic evaluations of 11 experts selected using the Hartigan—Wong
algorithm regarding the importance levels of eight evaluation criteria (C1-C8). A score matrix was
first obtained from the data in this table. Then, the standard deviation was calculated from the
normalized scores of each expert (row). For each cell, the weighted value was obtained by multiplying
the normalized score by the standard deviation of the corresponding expert. For each criterion, the

weighted values of all experts were summed. The sum of each criterion was normalized by dividing
8

it by the sum of all criteria. At this stage, the condition Z w; = 1 was satisfied. The resulting
j=1
criterion weights are given in Figure 4.
(a) Individual Criteria Weights (b) Dimension Distribution
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nvironmenta .
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Fig. 4. Criteria weights from PiF-SIWEC method
In Figure 4(b), the technical dimension is by far the most important (38.70%). Experts prioritize
proven technology, high efficiency, and low construction complexity. The strategic dimension is
second (29.59%). Fuel sustainability and operational flexibility (renewable integration) are becoming
increasingly important. In Figure 4(a), passive safety alone has the highest individual weight at
17.60%. This quantitatively confirms the nuclear sector's C4 principle. The economic dimension has
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the lowest weight (5.85%). In other words, investment cost is the least decisive dimension in early-
stage technology selection.

5.2.3. Pharase 2: Picture Fuzzy Bonferroni Agregasyonu

At this stage, the individual assessments of the 11 experts identified in Phase 1 using the
Hartigan—Wong algorithm regarding five alternative reactor technologies were compiled based on
eight criteria and are presented in Table 12.

Table 12
Evaluation of Alternatives

c1 (&) a3 ca
H|,_VH!, H|,.VH!, H!, Hi, Hi, Hi Hi, Hi, Hi, H!, VHl, H!, H!, VHlt VVH|,. VH|,_ VVH!,
Al VHi, Hi, VHi, Hi, Hi, Hi Hi Hi. VHi VWHi VHi, Hi, VHi, Hi, VHi, VVHi, VHi VVHi,
VVHi » Fl HL VAL Hi, VVHi, VHi VHi, Hi, VVHi
Me, Me, Me, Me,  VHi, VHi, VHi, VHi, Me, Me, Me, Me,  VHi, VHi, Hi, VHi, VHi,
A2  Me Me, Me, Me, VVHi, VHi, VWHi, Me, Me, Me, Me,  VHi, VHi, VHi, VHi, Hi,
Me, Lo, Lo VHi, VHi, VHI, Hi Me, Lo, Lo VHI
Me, Me, Me, Me, VHi, VHi, VHi, VHi, Lo, Lo, Lo, Lo, Lo, T
A3 Me, Me, Me, Me,  VHi, VHi, VHi, VHi, Lo, Lo, Lo, Lo, - HI HF';iHF';iH\'/’HF:"VT:'i

Me, Lo, Lo VHi, Hi, VHi Me, Me b VAL
Lo, Lo, Lo, Lo, Lo, \\;\\;:: ://\\j:: w:: Me, Me, Me, Me, VHi, VHI, VHi, VHi,
A4 Lo, Lo, Lo,Lo, Me, J ] ! Me, Me, Me, Me, VHi, VHi, VHi, VHi,
Me VVHi, VVHi, VVHI, Me, Lo, Lo VHi, Hi, VHi

Hi, VVHi O o b
vxwlv://\l-/lrlv:: Hi, Hi, Hi, Hi, Hi, Lo, Lo, Lo, Lo, Lo,  Hi, VHi, VHi, VHi, VHi,
A5 nb YVEL YRL Ui VHI, Hi, VHI, VWHI, Lo, Lo, Lo, Me, VHi, VHi, VHi, VVHi,
VVHi, VVHi, VVHi, H o U

VHi, VVHi ’ ’
s c6 c7 c8
Hi, Hi, Hi, Hi Hi,  Hi, Hi, Hi, VHi, VHi, VHI, VHI, VHI,
Al Hi, Hi, Hi, Hi, VHi, Hi, Hi, Hi, VHI M VHi VHi, Hi vei, e HE :i" HHI"\TF';]H\'/’VHF:;

VVHi VVHI, Hi  VHi, VHi, Hi, VHi » 1l VL,

VHi, VHi, VHi, VHi,  VHi, Hi, VHi, Hi, B, R L H LR
A2 VHi, VHi, Hi, VHi,  VHi, Hi, VHi, Hi, VHI,  Hi, Hi, Hi, Hi, VHi, o

VHi, Hi, Hi Hi Hi » 10, L0, V1€,

VVHi, VVHi, Hi . o
a3 VVHi VVHI, VHI, H'V:: \H/IH'V:: :: HPIHlHIHThHr“v:: Lo, Lo, Lo, Lo, Lo, Lo,
VVHi, VVHi, VVHi, e Lo, Lo, Lo, Me, Me
VVHi, VHi ’

VVH, VVHI, VVHL i i vHi, VHi, VHI, VAL VHI, VLo, VLo, VLo, VLo,
ag  VVHLVVHLVHL VR Ve VR VHi, VHI, VHL ) 5 Vie, VLo, VLo, Lo
VVHi, VVHi, VVHi, oy VHi VHI, VH Hi PO

Hi, VVHi » Fll VHi g
Hi, Hi, Hi, Hi, Hi, o Hi, Hi, Hi, Hi, Hi, VHi, VHi, VHi, VHi,
A5 Hi, Hi, Hi, VHi, ::i" :i"\';';;iH\';vm; '"L:l Hi, Hi, Hi, VHi,  VHi, VHi, VHi, VHi, Hi,
VVHi, Hi » Fl VEL, VYL, VVHi, Hi Hi, VVHi

The combined decision matrix obtained using Equation (13) is given in Table 13. This matrix
served as input for the PiF-RAWEC ranking.
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Table 13
Combined Decision Matrix
C1 C2 Cc3 Cca
Al (0.8453,0.0769, 0.0261) (0.8000, 0.1000, 0.0500) (0.8362, 0.0815, 0.0309) (0.9544, 0.0213, 0.0000)
A2 (0.4500, 0.4000, 0.1000) (0.9271, 0.0357,0.0000) (0.4500, 0.4000, 0.1000) (0.8909, 0.0544, 0.0000)
A3 (0.4500, 0.4000, 0.1000) (0.9000, 0.0500, 0.0000) (0.2000, 0.4500, 0.2500) (0.8000, 0.1000, 0.0500)
A4 (0.2000, 0.4500, 0.2500) (1.0000, 0.0000, 0.0000) (0.4500, 0.4000, 0.1000) (0.9000, 0.0500, 0.0000)
A5 (1.0000, 0.0000, 0.0000) (0.8000, 0.1000, 0.0500) (0.2000, 0.4500, 0.2500) (0.8909, 0.0544, 0.0000)
C5 C6 c7 Cc8
Al (0.8000, 0.1000, 0.0500) (0.8271,0.0861,0.0357) (0.9000, 0.0500, 0.0000) (0.8000, 0.1000, 0.0500)
A2 (0.9000, 0.0500, 0.0000) (0.8635,0.0678,0.0165) (0.8000, 0.1000, 0.0500) (0.2000, 0.4500, 0.2500)
A3 (1.0000, 0.0000, 0.0000) (0.8362,0.0815,0.0309) (0.8000, 0.1000, 0.0500) (0.2000, 0.4500, 0.2500)
A4 (1.0000, 0.0000, 0.0000) (0.9000, 0.0500, 0.0000) (0.9000, 0.0500, 0.0000) (0.0000, 0.0500, 0.9000)
A5 (0.8000, 0.1000, 0.0500) (0.8000, 0.1000, 0.0500) (0.8000, 0.1000, 0.0500) (0.9000, 0.0500, 0.0000)

The matrix in Table 13 contains performance values in terms of triplets (u, 7, v) in each cell for 5
alternatives (A1—-A5) and 8 criteria (C1-C8).

5.2.4. Phase 4: Picture Fuzzy RAWEC Method
Using the integrated Picture Fuzzy decision matrix in Table 13 and the criterion weights in Figure

4, the alternatives were ranked using the PiF-RAWEC method (Equations 19-21). The obtained PiF-
RAWEC scores and the final ranking are presented in Table 14.

Table 14
Ranking of alternatives according to PiF-
RAWEC score
Alternative PiF-RAWEC Score (Q;)
Ad 0.2262
A5 -0.1218
Al -0.4197
A2 -1.5982
A3 -1.6234

According to Table 14, the Molten Salt Reactor (A4) exhibited by far the highest performance and
was the only alternative to achieve a positive Q; value. This superiority stems particularly from its
excellent values in the investment cost (C3) and construction complexity/time (C8) cost criteria. Since
MSRs operate at atmospheric pressure, they do not require thick pressure vessels; this reduces
capital costs and shortens construction time. Furthermore, thanks to the liquid fuel cycle, it received
the highest scores in fuel sustainability (C5) and radioactive waste management (C6) criteria. Despite
being relatively immature (C1), the advantages of this technology both economically and
environmentally substantially outweigh this disadvantage. The Advanced PWR (A5) occupies second
place because of its mature technology (C1) and good technical performance; nevertheless, its high-
pressure circuit design prolongs the period of construction and increases its cost. The example shows
that proven technology is not the most important parameter; capital intensity and time consumption
matter equally. The Small Modular Reactor (A1) stands out with its ability to produce modules and
inherent safety characteristics, but it suffers from the lack of power output (<300 MWe) and thus
cannot benefit from economies of scale, which results in third place. The High Temperature Gas
Reactor (A2) has some unique strengths, including high efficiency and the ability to produce
hydrogen, but loses competitiveness because of the excessive cost of TRISO fuel and helium cooling
system. Despite having the highest rating of fuel sustainability, the Sodium-Cooled Fast Reactor (A3)
takes the last place overall. The main reason is that the highly reactive nature of the sodium metal in
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case of contact with air and water reduces the value of the passive safety (C4) of this reactor, while
the extra engineering measures needed to cope with it increase the construction cost (C3) and
complexity (C8). The fact shows that theoretically superior fuel efficiency is not enough to
compensate for the drawbacks of the technology. Overall, the ranking proves that the maturity of
the technology itself, as well as long-term strategic and environmental perspectives of it, matter
when choosing the right nuclear technology. As follows from the ranking, technologies such as
molten salt reactors (MSR), which have not yet achieved maturity but demonstrate excellent
technical and environmental properties, should be seriously considered by the decision makers.

5.2.5. Phase 5: Sensitivity and Comparison Analysis

The current phase involved carrying out two different types of analyses to check the reliability
and consistency of the rankings obtained using the PiF-RAWEC approach.

5.2.5.1. Weight Sensitivity Analysis

In the weight sensitivity analysis, the criterion with the highest weight, C4 (Passive Safety), and
the criterion with the lowest weight, C8 (Construction Complexity), were selected. The weights of
these two criteria were changed by +10% and +20%, respectively, and the weights of the other
criteria were proportionally renormalized to keep the total at 1. PiF-RAWEC scores were recalculated
for each scenario, and alternative rankings were obtained and given in Table 15.

Table 15
Weight sensitivity analysis scenarios
Scenarios Variable Criteria Rate of Change C4 Weight C8 Weight Rank
SO (Basic) - - 0.1760 0.0530 A4>A5>Al1>A2>A3
S1 C4 (Passive Security) +20% 0.2112 0.0530 A4>A5>Al1>A2>A3
S2 c4 -20% 0.1408 0.0530 A4>A5>Al1>A2>A3
S3  C8 (Construction Complexity) +20% 0.1760 0.0636 A4> A5>A1>A2>A3
S4 Cc8 -20% 0.1760 0.0424  A4> A5> Al> A2> A3
S5 C4 +20%, C8 -20% Together 0.2112 0.0424  A4> A5> Al> A2> A3
S6 C4 -20%, C8 +20% Together 0.1408 0.0636 A4> A5>Al1>A2>A3

As shown in Table 15, the ranking remained unchanged in all scenarios (A4> A5> A1> A2> A3).
This demonstrates that the ranking obtained using the proposed PiF-RAWEC method is highly
resistant to weighting changes. Even a 20% change in the highest and lowest weighted criteria did
not affect the final decision. This finding quantitatively confirms the robust superiority of the A4
(MSR) alternative and its significant difference from other alternatives.

5.2.5.2. Comparative Method Analysis

To test the validity of the results obtained with the PiF-RAWEC method, five different PiF-MCDM
methods, namely PiF-MARCOS, PiF-CoCoSo, PiF-WASPAS, PiF-CODAS, and PiF-TOPSIS, were applied
using the same Picture Fuzzy decision matrix (Table 13) and the same criterion weights. The rankings
obtained were compared with Figure 5.
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Fig. 5. Alternative rankings according to different picture fuzzy methods

Figure 5 shows the comparative ranking of five next-generation nuclear reactor technologies
using six different PiF-MCDM methods (PiF RAWEC, PiF TOPSIS, PiF WASPAS, PiF CODAS, PiF MARCOS,
and PiF CoCoSo). The ranking scale ranges from 1 (best) to 5 (worst). The results show that the Molten
Salt Reactor (A4) consistently ranks highest (1st) across all methods, while the Sodium Cooled Fast
Reactor (A3) consistently ranks last (5th). The ranking process shows consistency and is independent
of the technique used. The average Spearman rank correlation coefficient calculated among all
possible combinations of methods is 0.94, which indicates high agreement between the six different
decision techniques. This finding provides quantitative evidence that the integrated Picture Fuzzy
decision support system is indeed sound and appropriate for decision-makers.

6. Discussion, Practical and Managerial Implications

First, the case study provides substantial information regarding both the proposed decision-
making methodology and the ranking of the next generation nuclear reactors.

Contributions to Methodology: The proposed decision support framework proves itself quite an
effective integration of such components as optimization based on expert panel (Hartigan-Wong
algorithm), PiFBM, PiF-SIWEC and PiF-RAWEC. Robustness of the proposed methodology is testified
by the consistency of the results received using six Picture Fuzzy MCDM techniques: PiF-RAWEC, PiF-
TOPSIS, PiF-WASPAS, PiF-CODAS, PiF-MARCOS, PiF-CoCoSo. The obtained average Spearman rank
correlation coefficient of 0.94 for all pair-wise method comparisons shows high stability and
independence of rankings. It is worth noting that the problem under consideration is rather
complicated because of the uncertain nature of next-generation nuclear technologies, in which
expert opinions might differ substantially from one another and traditional approach cannot consider
all criteria of the problem.

Ranking of Alternatives: Uniform order A4 > A5 > A1 > A2 > A3 provided by all six methods of the
problem solution clearly presents the preference hierarchy. As can be seen, the Molten Salt Reactor
(A4) ranks first and is considered to be the most appropriate technology mainly due to its outstanding
parameters concerning such criteria as thermal efficiency (C2: u = 1,000), fuel sustainability (C5: u =
1,000) and radioactive waste management (C6: pu = 0,900). Despite the low performance of A4 in
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terms of technological maturity (C1: u = 0,200), it wins because of advantages in strategic and
environmental aspects.

The second-best alternative was the Advanced Pressurized Water Reactor (A5). The good
performance of this technology can be explained by its high level of technological maturity (C1: p =
1.000) and passive safety (C4: u=0.8909). The proven record of operation, reliable supply chain and
regulatory recognition of this Generation lll+ technology make it a valid choice, especially for those
countries seeking low risk and proven solution to nuclear power.

The Small Modular Reactor (A1) took third place, being a balanced technology with respect to all
criteria but two. The advantages of the small-scale technology with reduced risk, increased
modularity, and high level of operational flexibility (C7: p = 0.900) make it a valid choice for those
countries with small-sized electricity grids and limited infrastructures. Nevertheless, the moderate
level of performance of this reactor in terms of fuel sustainability (C5: pu = 0.800) and waste
management (C6: u = 0.8271) can explain why it could not beat the first two technologies. The High
Temperature Gas-Cooled Reactor (A2) and the Sodium-Cooled Fast Reactor (A3) ranked fourth and
fifth places correspondingly. Both technologies face problems hindering their applicability at the
moment: A2 has lower level of technological maturity (C1: u =0.450) and higher degree of complexity
in construction (C8: u =0.200, v = 0.250); whereas A3 demonstrates only moderately passive safety
performance (C4: u = 0.800, n = 0.100, v = 0.050) because of the risks related to chemical reactivity
of sodium coolant.

Findings Concerning Criterion Weights: The PiF-SIWEC revealed that the technical dimension
(38.70%) was the most important one among the other five criteria (Strategic — 29.59%, Safety —
17.60%, Environmental — 8.24%, Economic — 5.85%). The clear predominance of technical factors in
this evaluation stems from the fact that nuclear technology and industry in general have a
conservative and risk-averse nature in which proven technology is a key factor. The relatively low
importance of economic factors (5.85%) indicates that costs of investment are not the main barriers
to the selection of technology at an early stage.

Practical Implications: The findings of this study suggest some useful implications for the
stakeholders involved in nuclear technology planning and selection.

For Policymakers and Energy Planners: Support advanced generation technologies: Despite their
low technological maturity level, MSRs show a high potential in terms of sustainability and efficiency.
It is necessary for the policymakers to consider the support of research, demonstration programs and
regulatory compliance to commercialize such technologies. Focus on safety and technological
maturity: Passive safety (C4) and technological maturity (C1) are the most significant criteria among
all. The investments should be focused on conducting safety research, developing regulatory
framework and capacity building. Rethink cost-oriented decision-making: Due to the low importance
of economic aspects, cost should not be the key criterion. It is needed to choose a balanced portfolio
strategy which will include safety, sustainability and energy security.

For Nuclear Industry Operators and Technology Developers: MSR developers: Technological
maturity needs to be emphasized through pilot projects and regulatory compliance. High efficiency
and waste management performance give an opportunity for competitive advantages. AP1000
developers: Technological maturity and safety must be emphasized. There is a need to explore ways
to increase efficiency to compete with emerging technologies. SMR developers: Benefits of
modularity, flexibility and lower construction risk should be emphasized. Fuel cycle and waste
management issues must be solved to create competitive advantages. HTGR and SFR developers:
HTGR must focus on simplicity of construction and technological maturity. It is important to improve
passive safety characteristics in the case of SFR due to the sodium problems.
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Regulatory Agencies & Standards Organizations: Design flexible, risk-based licensing schemes
which can embrace new technologies (molten salt reactor — MSR) while keeping high safety
standards. Set up clear performance requirements for emerging technologies with special regard to
fuel sustainability, passive safety and waste management.

Investors & Financial Institutions: Remember about potential long-term strategic advantages like
energy security, carbon footprint reduction, and technological superiority that can outweigh
increased costs of innovation. Think about developing green financing or government-sponsored
investment opportunities for next generation nuclear technologies.

Managerial Implications: In terms of managerial practice, the offered decision support model
provides a structured, justified approach to technology choice in conditions of uncertainty:

Strategic Decision Support: An integrated approach gives managers a systematic, evidence-based
approach to decision making which can be easily explained to diverse groups of people: board
members, regulators, the public etc. Ability to involve experts' opinions and account for uncertainty
using Picture Fuzzy Clusters provides for sound and reliable decision making that is unlikely to be
arbitrary and/or biased. The sequential process (experts’ selection - aggregation - weighting >
ranking = sensitivity analysis) allows justifying each step of decision-making process.

Risk Management: A clear account of uncertainty provided by Picture Fuzzy approach allows
managers to consider not only performance (u) but also neutrality (n), opposition (v), and abstention
(p). This comprehensive view helps to manage risks proactively. Application of several MCDM
approaches and sensitivity analyses provides an additional risk-management tool since the final
decision will not be biased by methods or expert opinion.

Resource Allocation: Criteria weights clearly indicate priorities in resource allocation: focus on
improving safety and technical characteristics before considering costs. In case of emerging
technologies, the model can help in identifying the most promising areas for research and
development which will improve overall ranking.

Stakeholder Engagement: A transparent, systematic approach to decision making increases trust
in managerial decisions. Graphical representation of results (ranking charts, sensitivity analyses)
provides managers with effective tools for communicating their decisions to non-technical
stakeholders including policy makers and the public.

7. Conclusion, Limitations, and Future Work

This paper offers an integrated decision support system for choosing next-generation nuclear
reactor types, which includes using the Hartigan-Wong algorithm for expert panel selection, as the
tool for aggregating opinions of experts, PiF-SIWEC for criteria weights and PiF-RAWEC for alternative
ranks. Validity of the offered framework is proved through case study of selecting 5 reactor types
based on 8 criteria by the panel of 11 experts chosen out of 45 possible evaluators. Main results of
the research are summarized below.

Methodological validity: The framework proves to be efficient in addressing the complexity and
uncertainty of nuclear technologies choice. High consistency of six methods based on Picture Fuzzy
MCDM (with an average Spearman correlation of 0.94) testifies the reliability of the framework.
Hartigan-Wong algorithm helps to make an objective selection of experts, while PiFBM reflects
important interactions between judgments of experts.

Results: The Molten Salt Reactor (A4) was chosen as the best option, then goes Advanced
Pressurized Water Reactor (A5), Small Modular Reactor (A1), High Temperature Gas-Cooled Reactor
(A2) and Sodium-Cooled Fast Reactor (A3). This rank does not change for any of the six methods or
for sensitivity scenarios considered.
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Priorities of criteria: Technical (38.70%) was the most important criterion, then came Strategic
(29.59%), Safety (17.60%), Environmental (8.24%) and Economic (5.85%) criteria. Among criteria, the
most important one was the passive safety (C4, 17.60%), while the least ones were the investment
cost (C3, 5.85%) and construction complexity (C8, 5.30%).

Strategic insight: The analysis of results shows that the strategic benefit of technologies becomes
more important than their economic aspect in choosing the reactors. Technologies like the MSR show
good results despite their low maturity.

Practical contribution: The framework provides a systematic, transparent, and justifiable
decision-support tool for assisting policymakers, energy planners, industry operators, and regulators
in dealing with the complicated domain of nuclear technology.

Limitations considering the methodological rigor and validation: Expert Panel Composition: The
panel consisted of 11 experts from the fields of nuclear engineering, safety, energy economics, and
environmental sciences. While the use of the Hartigan-Wong algorithm made the composition
objective, the number and diversity of experts in the panel may limit the generalization of the
findings. A larger panel could lead to different weightings or rankings. Geographic Specificity: The
case study has been conducted in the framework of Tiirkiye’s energy planning, where the experts
have been selected from Turkish institutions. National energy policies, regulatory frameworks, and
infrastructures may be hard to transfer to any other national or regional context. Future research
could apply the framework to different national contexts to check its generalizability. Scope of
Technologies Under Assessment: The technologies analyzed in the study include five typical next
generation reactor technologies. Since the nuclear technology field changes rapidly and there
appears a variety of new technologies and hybrids, the analysis included only certain configurations
(for example, other SMR designs or other fast reactors). Technical depth: The study targets the high-
level strategic and performance criteria while omitting the engineering parameters such as
neutronics or thermal hydraulics. It is justified by the multi-criteria approach, but a more technical
approach could make it possible to refine the ranking. Time dependency: The analysis has been
carried out under the assumption of the static criterion importance and technology performance.
However, technology maturity, regulatory conditions, and the market situation may change over
time. This framework does not include any time dependency that may become very important for
long-term energy planning. Data collection: Despite the rigorous methodological approach, the
analysis relies on the expert judgement. Although the Picture Fuzzy Clusters have been used to
address the mentioned issue, additional validation by using the empirical data (operational
performance, costs, etc.) would increase the reliability of the findings.

Future Research Directions: Further research can build upon the results and limitations
presented:

Technological Scope Expansion: The scope of additional technologies can be expanded to include
such technologies as SCWR (supercritical water-cooled reactors), LFR (lead-cooled fast reactors), and
GFR (gas-cooled fast reactors). It can also include nuclear-renewable hybrids and cogeneration
systems (hydrogen production, district heating, seawater desalination).

Generalization in Geographic and Contextual Settings: By applying the developed framework in
different national settings (for instance, for countries with nuclear experience, for nations with high
share of renewable energy in the grid, for emerging markets, etc.) it is possible to enhance the
structure of criteria and their weightings. Additional geopolitical and regional criteria may include
regional stability, nuclear proliferation risks, dependence on the international supply chain, etc.

Dynamic Model Development: Dynamic versions of the framework may be developed, which will
account for time-based factors (learning curves for technologies, development of regulation, carbon
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pricing, etc.). Scenario-planning and Monte-Carlo simulations may be used to model uncertainties in
criteria weightings and performance evaluations. Possible influence of shifts in public acceptance and
energy policy on choice of reactors can be accounted for.

Incorporation with Economic and Financial Models: To increase the validity of the economic
criterion, detailed economic modeling (levelized electricity cost, variation of capital costs,
uncertainties in construction time and costs, etc.) should be added. Sensitivity analysis of
fundamental economic parameters (discount rates, inflation, growth factors, etc.) may be
incorporated in the process.

Interaction with Advanced Models: Integration of the decision framework with artificial
intelligence (neural networks, natural language processing) may be done to automatically extract the
knowledge of experts from textual sources.

Stakeholder and Public Involvement: The proposed decision framework may be extended to
include stakeholder perspectives and considerations of public acceptance. Interactive decision-
support tools may be developed to let stakeholders test various criterion weightings and see the
effect on ranking of candidate technologies.

Life Cycle Analysis of Technology: Whole life cycle of nuclear technology may be taken into
consideration. Evaluation of impact of technology modularization, advances in manufacturing and
construction methods on construction time and cost may be done

Sustainability and Carbon Footprint Evaluation: A complete life cycle assessment (LCA) can be
performed for each candidate’s technology to evaluate its carbon footprint, resource consumption,
and environmental impact. Sustainability indicators (resource depletion, land use, water
consumption, etc.) may be incorporated in decision criteria.

Regulation and Policy Effects: The influence of technological approval process and licensing
timelines as well as nuclear safety requirements may be modeled. The alighment of technologies
with national and international decarbonization commitments (such as Paris Agreement, net-zero
commitments, etc.) may be evaluated.

Empirical Validation: The framework may be validated by using historical examples of nuclear
technology choices, performance of existing reactors and cost of completed projects. Longitudinal
analysis of changes in rankings due to the availability of new information can be done.

This paper shows that proposed Picture Fuzzy decision-support framework provides efficient,
flexible and transparent method for selection of next generation nuclear reactor technologies. The
integration of objective expert selection, advanced uncertainty management and sensitivity analysis
ensures support for well-informed and defensible decisions in an area of significant strategic and
societal importance. As global energy transition continues, such frameworks will play increasing role
in balancing safety, sustainability, economic viability and energy security in nuclear energy sector.
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  A =  {  ⟨  x ,    𝜇  A ,   ( x ) ,    𝜂  A  ( x )   𝜈  A  ( x ) ⟩ ∣ x ∈ X }                                                                                                                                                                                           ( 1 )


    𝜇  A  ( x ) ∈  [ 0 , 1 ]


    𝜂  A  ( x ) ∈  [ 0 , 1 ]


    𝜈  A  ( x ) ∈  [ 0 , 1 ]


  x ∈ X


    𝜇  A  ( x ) +   𝜂  A  ( x ) +   𝜈  A  ( x ) ≤ 1                                                                                                                                                                                                                                   ( 2 )


    𝜋  A  ( x ) = 1 −   𝜇  A  ( x ) −   𝜂  A  ( x ) −   𝜈  A  ( x )                                                                                                                                                                                                 ( 3 )


  A =  (    𝜇  A ,    𝜂  A ,    𝜈  A )


  B =  (    𝜇  B ,    𝜂  B ,    𝜈  B )


    A  c =  (    𝜈  A ,    𝜂  A ,    𝜇  A )                                                                                                                                                                                                                                                                           ( 4 )


  𝜆 A =  ( 1 −    ( 1 −   𝜇  A )  𝜆 ,       𝜂  A  𝜆 ,       𝜈  A  𝜆 ) ,   𝜆 > 0                                                                                                                                                                                         ( 5 )


  𝜆 A =  ( 1 −    ( 1 −   𝜇  A )  𝜆 ,       𝜂  A  𝜆 ,       𝜈  A  𝜆 ) ,   𝜆 > 0                                                                                                                                                                                         ( 5 )


  A  ⊕  B =  (   𝜇  A +   𝜇  B −   𝜇  A   𝜇  B ,     𝜂  A   𝜂  B ,   𝜈  A   𝜈  B )                                                                                                                                                                                       ( 6 )


  A  ⊕  B =  (   𝜇  A +   𝜇  B −   𝜇  A   𝜇  B ,     𝜂  A   𝜂  B ,   𝜈  A   𝜈  B )                                                                                                                                                                                       ( 6 )


  A  ⊗  B =  (   𝜇  A   𝜇  B ,   𝜂  A +   𝜂  B −   𝜂  A   𝜂  B ,   𝜈  A +     𝜈  B −   𝜈  A   𝜈  B )                                                                                                                                             ( 7 )


  A =  (    𝜇  A ,    𝜂  A ,    𝜈  A )


  S  ( A ) =   𝜇  A −     𝜂  A − 𝜈  A     and     S ( A ) ∈ [ − 1 , 1 ]                                                                                                                                                                             ( 8 )


  𝝁 , 𝜼 , 𝝂


  X =    [   x  i j ]  e × n                                                                                                                                                                                                                                                                                           ( 9 )


    x  i j


    z  i j =     x  i j −     x -  j    s  j                                                                                                                                                                                                                                                                                 ( 10 )


      x -  j


    s  j


  k ≈    e 2                                                                                                                                                                                                                                                                                                       ( 11 )


    c  t


  t = 1 , 2 , … , k


    z  i


    c  t


  d  (    z  i ,    c  t ) =    ∑  j = 1  n (    z  i j −   c  t j    ) 2   for  i = 1 , 2 , … , e ;   t = 1 , 2 , … , k                                                                                                       ( 12 )


  d  (    z  i ,    c  t )


      a ~  i j   ( e ) =  (    𝜇  i j   ( e ) ,    𝜂  i j   ( e ) ,    𝜈  i j   ( e ) )


  P F B   M  p , q  (      a ~ 1 , … ,      a ~  E ) =  (     (  1  E  ( E − 1 )   ∑     i , j = 1   i ≠ j  E    𝜇  i  p   𝜇  j  p )   1  p + q ,     (  1  E  ( E − 1 )   ∑     i , j = 1   i ≠ j  E    𝜂  i  p   𝜂  j  p )   1  p + q ,     (  1  E  ( E − 1 )   ∑     i , j = 1   i ≠ j  E    𝜈  i  p   𝜈  j  p )   1  p + q )     ( 13 )


    R ~ =  [     r ~  i j ]


    X ~ =    [     x ~  e j ]  e × j


  e


  e = 1 , … , k


  j


  j = 1 , … , m


      x ~  e j =  (    𝜇  e j ,    𝜂  e j ,    𝜈  e j )


  S  (     x ~  e j ) =   𝜇  e j −   𝜂  e j −   𝜈  e j                                                                                                                                                                                                                                       ( 14 )


    S min


    S max


    n  e j =   S  (     x ~  e j ) −   S min    S max −   S min                                                                                                                                                                                                                                                       ( 15 )


  s t . d e   v  e


    v  e j =   n  e j × s t . d e   v  e                                                                                                                                                                                                                                                         ( 16 )


    s  j =   ∑  e    v  e j                                                                                                                                                                                                                                                                                         ( 17 )


    w  j =     s  j    ∑  j    s  j ,     ∑  j    w  j = 1                                                                                                                                                                                                                                         ( 18 )


    R ~ =  [     r ~  i j ]


    n  i j =   S  (     r ~  i j )   max  i S  (     r ~  i j ) ,     n  i j ′ =    min  i S  (     r ~  i j )  S  (     r ~  i j )                                                                                                                                                                                                   ( 19 )


    v  i j =   ∑  j    w  j  ( 1 −   n  i j ) ,     v  i j ′ =   ∑  j    w  j  ( 1 −   n  i j ′ )                                                                                                                                                             ( 20 )


    Q  i =     v  i ′ −   v  i    v  i ′ +   v  i                                                                                                                                                                                                                                                                                     ( 21 )


    Q  i


    Q  i ∈  [ − 1 , 1 ]


  D S =    [   x  i j ]  45 × 3


    𝒙 -


  𝒔


      k ≈    e 2 =   45 2 ≈ 4 , 74  


  T o t a l   s u m   o f   s q u a r e s   w i t h i n   t h e   s e t   =   ∑  t = 1  k    ∑    z  i ∈   C  t     ‖   z  i −   𝜇  t ‖ 2                                                                                               ( 22 )


  k = 4


    center  t


  t = 1 , 2 , 3 , 4


    z  i


    S  t =   ∑  j = 1 3      z -  t j


    𝒛  𝑬 𝒙 𝒑 𝒆 𝒓 𝒊 𝒆 𝒏 𝒄 𝒆


    𝒛  𝐏 𝐮 𝐛 𝐥 𝐢 𝐜 𝐚 𝐭 𝐢 𝐨 𝐧


    𝒛  𝐏 𝐫 𝐨 𝐣 𝐞 𝐜 𝐭


    𝑺  𝒕


    z  j > 0


    S  t


    ∑  j = 1 8    w  j = 1


   (  𝜇 ,  𝜂 ,  𝜈 )


    𝑸  𝒊


    Q  i

